The spatial distributions of cities fall into two groups: one is the simple distribution with characteristic scale (e.g. exponential distribution), and the other is the complex distribution without characteristic scale (e.g. power-law distribution). The latter belongs to scale-free distributions, which can be modeled with fractal geometry. However, fractal dimension is not suitable for the former distribution. In contrast, spatial entropy can be used to measure any types of urban distributions. This paper is devoted to generalizing multifractal parameters by means of dual relation between Euclidean and fractal geometries. The main method is mathematical derivation and empirical analysis, and the theoretical foundation is the discovery that the normalized fractal dimension is equal to the normalized entropy. Based on this finding, a set of useful spatial indexes termed dummy multifractal parameters are defined for geographical analysis. These indexes can be employed to describe both the simple distributions and complex distributions. The dummy multifractal indexes are applied to the population density distribution of Hangzhou city, China. The calculation results reveal the feature of spatio-temporal evolution of Hangzhou's urban morphology.
. Hausdorff dimension proved to be equivalent to Shannon entropy and Kolmogorov complexity (Ryabko, 1986) . The breakthrough point of developing fractal measures is entropy functions and the association of entropy with fractal dimension. A recent finding is that the normalized fractal dimension is theoretically equal to the normalized entropy under certain conditions (Chen, 2012; Chen, 2017) . Thus, the key to solving the problem is to establish a methodological framework for measurements of entropy and fractal dimension.
The methodological framework can be defined by analogy with the box-counting method in fractal theory. Thus, spatial entropy can be naturally associated with fractal dimension. The concept and measurement of spatial Shannon entropy has been introduced to geographical analysis for many years (Batty, 1974; Batty, 1976) . More general spatial entropy is the spatial Renyi entropy (Chen and Wang, 2013; Fan et al, 2017) . Both Renyi entropy and fractal dimension can be employed to measure urban sprawl (Padmanaban et al, 2017; Terzi and Kaya, 2011) , and the similar functions suggest the intrinsic relation between entropy and fractal dimension. The traditional spatial entropy is quantified by means of geographical systems of zones. A zonal system always takes on an irregular network. Based on the irregular nets, entropy cannot be converted into fractal dimension.
However, if we use regular grid to replace the irregular network, we will be able to calculate both spatial entropy and fractal dimension. The functional box-counting method is based on the recursive process of regular grid. This method is proposed by Lovejoy et al (1987) and consolidated by Chen (1995) , and can be applied to both entropy and fractal dimension measurements. Based on the functional box-counting method, the normalized fractal dimension proved to equal the normalized entropy (Chen, 2017) . Based on this equivalence relationship, we can extend the multifractals parameters and obtain useful spatial indexes. This paper is devoted to developing the methodology of spatial analysis using spatial entropy and fractal measures. The functional boxes will be replaced by systems of concentric rings. The rest parts are organized as follows. In Section 2, based on the relationships between spatial Renyi entropy and general correlation dimension, the multifractal measures are generalized to yield a set of new spatial measurements for urban studies; In Section 3, the generalized multifractal parameters are applied to the city of Hangzhou, China, to make a case study; In Section 4, the related questions are discussed, and finally the work is concluded by summarizing the main points. The methodology developed in this article may be used to characterize the spatial structure of other natural and social systems. 
Models

Spatial Renyi entropy
It is necessary to clarify the internal relation between spatial entropy and fractal dimension of cities. Both entropy and fractal dimension can serve for the space-filling measures of city development. A central region of a city has higher fractal dimension values (Feng and Chen, 2010) , and accordingly, it entropy value is higher than the periphery region (Fan et al, 2017) . The common fractal dimension formulae are all based on entropy functions. The generalized correlation dimension of multifractals is defined on the base of Renyi's entropy (Renyi, 1961) , which is formulated as follows
where q denotes the moment order, Mq refers to Renyi's entropy of order q, Pi refers to the occurrence probability of the ith fractal copy, and N to the number of fractal copies (i=1, 2, 3,…, N).
A fractal copy can be treated as a fractal unit in the fractal set. Thus the generalized correlation dimension can be given as (Feder, 1988; Harte, 2001; Mandelbrot, 1999; Vicsek, 1989) ()
in which ε denotes the linear size of fractal copies at given level, and N(ε) and Pi(ε) refers to the corresponding fractal copy number and occurrence probability. If we use a box-counting method to make spatial measurements, then ε represents the linear size of boxes, N(ε) refers to the number of nonempty boxes, and Pi(ε) to the proportion of geometric objects in the ith box. Based on functional box-counting method, the normalized fractal dimension Dq * proved to be equal to the normalized entropy Mq * (Chen, 2012) , that is min min ** max min max min
where Dmax refers to the maximum fractal dimension, Dmin to the minimum fractal dimension, Mmax refers to the maximum entropy, and Mmin to the minimum entropy. In theory, for the fractal cities defined in a 2-dimensional embedding space (Batty and Longley, 1994) , the basic parameters are as 
which is valid only for fractal systems. This suggests that the ratio of the actual fractal dimension to the maximum fractal dimension is theoretically equal to the ratio of the actual entropy to the maximum entropy of a fractal object. The relation between entropy and fractal dimension is supported by the observational data of cities such as Beijing and Hangzhou (Chen, 2017) .
Generalized multifractal parameters
Fractal dimension can be only applied to fractal objectives, and we cannot use fractal geometry to model the non-fractal phenomena. In fact, a non-fractal system can be described with the common measures such as length, area, volume, and density rather than fractal dimension. In other words, the standard fractal parameters have strict sphere of application: irregular and self-similar patterns, nonlinear and recursive process, and complex and scale-free distributions (Chen, 1995) . In contrast, entropy can be utilized to measure any distributions of cities, including fractals and non-fractals.
However, for the fractal distributions, entropy values depend on spatial scales of measurements.
Fortunately, using equation (4), we can generalize fractal measurements, and define a set of quasifractal parameters for spatial analysis. In fact, for non-fractals, we have Mq * = Mq/Mmax, but we have no Dq * = Dq/Dmax because Dq is not existent. Now, we can define a dummy normalized fractal parameter as follows
in which Mq and Mmax are measurable. For a non-fractal object, the maximum dimension is just the Euclidean dimension of the embedding space, that is Dmax=d. Thus we can further define a dummy multifractal dimension as below:
which can be theoretically demonstrated (Chen, 2017) . If a city is examined in a 2-dimensional space, then Dmax=d=2. In fractal theory, the mass exponent can be given by
in which τq denotes the common mass exponent. Accordingly, we can define a generalized mass exponent such as
which represents a dummy mass exponent (d=2). It is not a scaling exponent, but it is a useful index for urban spatial analysis. Both Dq and τq are global parameters of spatial analysis. Going a further step, we can introduce a pair of local parameters by Legendre transform (Feder, 1988; Stanley and Meakin, 1988) 
in which α(q) refers to dummy singularity exponent, and f(α) to the dummy local fractal dimension, d denotes derivative. Of course, in this work, α(q) is not a real scaling exponent, and f(α) is not a real fractal dimension. The word "dummy" means "a thing that seems to be real but is only a copy of the real thing", and dummy multifractal measures are not real multifractal measures. However, both α(q) and f(α) are measurable and useful indexes for urban studies, bearing analogy in form with the real singularity exponent and local fractal dimension in multifractal theory. Actually, the generalized multifractal parameters, including the global parameters and local parameters, are not fractal parameters in the sense of scaling. However, they are really multi-scale indexes of spatial distributions of cities, which bear an analogy with real multifractal parameters and have practical function in spatial analysis (Table 1) . 
Empirical analysis
Study area, datasets, and method
The city of Hangzhou, the capital of Zhejiang Province, China, can serve as an example to make empirical analyses using the generalized multifractal parameters based on the spatial Renyi entropy.
We have four years of population census data for Hangzhou city, and these census data have been processed and converted into spatial datasets of population density distribution (Feng, 2002) . In China, the census tracts of cities are termed jiedao. The area of jiedao bears an analogy with the UK enumeration districts (Longley, 1999) , or the US sub-districts (Wang and Zhou, 1999) . All the regions of jiedao within a metropolitan area compose a system of zones. Because the average area of jiedao is significantly larger than the average area of normal census tracts, we have to transform the zonal data into ring data by the ideas from averaged treatment. Taking the core of urban population distribution as the center of circle, we can draw a series of concentric circles. The interval distance of two circles is 0.6 km, and the maximum radius is 15.3 km. Thus a ring comes between two adjacent circles. A center point and 26 circles result in 26 rings (N=26) (Figure 1 ). By spatial weighed average, we can generate the average population density of each ring. The approach and results of data processing have been illustrated by Feng (2002) and discussed by Chen (2008) as well as Chen and Feng (2012) . In this work, we directly make use of the spatial datasets to explore the spatio-temporal of Hangzhou cities.
To evaluate spatial Renyi entropy, we can transform the population density distribution into probability density distribution. The formula is as below:
where ρi denotes average population density of the i ring (i=1,2,…,26), and Pi represents the probability density of the ith ring. The number i corresponds to the radius from the population center r (r=0.3, 0.9, …, 15.3). The results are shown in Table 2 . Then, using equation (1), we can calculate the Renyi entropy. According to Hospital's rule, if q=1, Renyi entropy will change to Shannon's information entropy (Shannon, 1948) , and equation (1) should be replaced by
where H denotes information entropy. Shannon's information entropy has similar measurement function to Renyi's entropy in urban studies (Fan et al, 2017) . In fact, Shannon entropy has been applied to geographical spatial analysis many years ago (Batty and Sammons, 1979) . The maximum entropy value is Mmax=lnN= ln(26). By means of equations (6) and (8), we can compute the dummy correlation dimension Dq and mass exponent τq. For the fractal distributions of cities, the calculation can be implemented from local parameters to global parameters. The local parameters, α(q) and f(α), can be directly computed by the μ-weight method (Chhabra and Jensen,1989; . However, the urban population density of
Hangzhou is not of self-similar distribution. In this case, the μ-weight method cannot be applied to the datasets displayed in Table 2 . An advisable approach is to calculate the global parameter, Dq and τq, and then use Legendre transform to estimate the local parameters. Discretize equation (9) 
where Δ represents difference operator. Accordingly, equation (10) can be expressed as a discrete
Utilizing equation (13) and (14), we can estimate the local parameters α(q) and f(α) based on the global parameters. The smaller the Δq value is, the exacter the α(q) and f(α) values will be. Note: The original data comes from Feng (2002) . The probability data is calculated using the density data.
Results and findings
Now, a spatial analysis of Hangzhou's urban form can be made by means of the indexes based on the generalized multifractal spectrums. Using the models shown in Subsection 2.2 and the formulae given in Subsections 3.1, we can calculate the dummy correlation dimension Dq, mass exponent τq, singularity exponent α(q), and local dimension f(α) for the four years, i.e. , 1964, 1982, 1990, and 2000 (Table 3 ). The main parameter spectrum associated with spatial Renyi entropy is the generalized global dimension. In the dummy dimension spectrum, there are three common parameters, that is, capacity dimension D0 (q=0), information dimension D1 (q=1), and correlation dimension D2 (q=2). Among these parameters, the most basic one is the capacity dimension. In the conventional multifractal spectrums, the capacity dimension is a fraction coming between the topological dimension and the Euclidean dimension of the embedding space (0<D0<2). However, in this dummy multifractal spectrums, the capacity dimension D0=2, which indicates a Euclidean dimension. For the distributions with characteristic scales such as exponential distribution and normal distribution, the capacity dimension proved to d=2 (Chen and Feng, 2012) . Accordingly, the local fractal dimension f(α(0))=D0=2. Actually, the capacity dimension implies the maximum local dimension. In this sense, the conventional multifractal parameters are canonical multifractal parameters, while the generalized multifractal parameters are just dummy multifractal parameters. The spatial information content reflected by individual value of a parameter is limited. However, comparing a set of values of a parameter under different conditions in given time or the single parameter's values in different times, we can obtain useful information about spatial and temporal evolution of a city. Where Hangzhou is concerned, urban population density, on the whole, followed Clark's law (Clark, 1951) . We can use the exponential function or generalized exponential function to model the population density decay (Feng, 2002) . From 1964 to 1982 to 1990, the urban density of central area went up and up, but from 1990 to 2000, the central density went down ( Table 2 ). The process of Hangzhou's urban growth can be reflected by the global parameters spectrums ( Figure   2 ). The dummy dimension spectrum is a sigmoid decay curve. From 1964 to 2000, the value of the maximum dummy correlation dimension D-∞ went down, but the value of the minimum dummy correlation dimension D-∞ went up. In short, the range of general correlation dimension became shorter and shorter (Figure 2(a) ). An index of half range of general correlation dimension can be defined as
which can be used to measure the decrease of population density difference. For the four years, the half range values are 1.2677, 1.2643, 1.2039, and 1.0484 (Table 4) 
which is an approximation formula of the slopes of the mass exponent against the moment order.
According to the property of the Dq function, when q→±∞, Dq/q→0. Therefore, if q→-∞, the slope τq/q→D-∞; if q→∞, the slope τq/q→D∞. This implies that the difference between the two slopes of the mass exponent curve is theoretically equal to the range of the dummy fractal dimension. The density gradient change of urban population distribution from 1964 to 2000 can be described with the slope differences: 2.5355, 2.5287, 2.4078, and 2.0968 (Table 4 ).
The evolution of Hangzhou's urban population can also be reflected by the local parameter spectrums. The relationship between the singularity exponent and the corresponding local fractal dimension form a unimodal curve, which is termed f(α) curve and represents the common multifractal spectrum (Feder, 1988) . In our context, of course, we have dummy multifractal spectrum of local structure. Owing to the density gradient went down and down, the span of the f(α) curve becomes smaller and smaller, and the weights of the left and right sides reverse (Figure 3 Clark's law (Clark, 1951) . The reciprocals of the density gradients are the characteristic radius of urban population distribution. All these indexes are displayed in Table 4 . Along with urban growth, the density gradient descended, thus the characteristic radius of urban population distribution extended. In fact, from 1964 to 2000, the density gradient of population distribution from core to periphery descended gradually: from 0.2805 to 0.2724 to 0.2756 to 0.2534, and accordingly, the characteristic radius of population distribution ascended gradually: from 3.5644 to 3.6713 to 3.6285 to 3.9457 km. As a result, the spatial information entropy and information dimension went up and up. The range of the dummy correlation dimension and the slope difference of mass exponent went down and down. The spatial indexes of urban form are correlated with one another, but there is difference between the indexes based on density gradient and the ones based on spatial information entropy. Combining these indexes and the dummy multifractal parameters, we can make spatial analysis of cities in more efficient way. Note: The areal entropy is the spatial entropy of the cumulative distribution of urban population density. The unit of spatial entropy is nat because the formula is on the base of natural logarithm.
The spatial entropy based on the average density of urban population by means of rings is in fact a 1-dimensional spatial measurement. The areal entropy based on 2-dimensional space can be calculated through spatial cumulative distribution of urban population density. From 1964 to 2000, the areal entropy values are 3.1943, 3.1896, 3.1944, and 3.1811 , bearing no significant change (Table 4 ). This suggests that the areal entropy defined in 2-dimensional space approaches to a constant and cannot reflect urban growth. It is the density entropy rather than the areal entropy that can be employed to reflect urban evolution. In contrast, the areal entropy seems to indicate some conservation law of urban evolution. Spatial entropy and fractal dimension are two measurements of space filling and distribution uniformity. Also, they are measures of spatial complexity. Now, the principal conclusions about
Hangzhou's urban population distribution and evolution can be reached as follows. First, Hangzhou's urban population distribution became more and more uniform. Meantime, the urban space was more and more occupied by buildings. This feature can be found by information entropy values. Spatial entropy increase indicates that the density decay rate from the urban core to the periphery became smaller and smaller from 1964 to 2000. A process of population suburbanization might take place at the turn of the century (Chen and Jiang, 2009; Feng, 2002; Feng and Zhou, 2005) . Second, Hangzhou's urban growth takes on an accelerated process. This f(α) α difference between the spectrum curve for 1982 and that for 1990 is significant. Especially, the difference between dummy multifractal dimension spectrum curve for 1990 and that for 2000 is more significant. The spectrum curve difference between two immediate census years become clearer and clearer from 1964 to 2000 (Figures 2 and 3) . Third, Hangzhou's urban pattern became more complex, but the structure was improved. Along with urban growth, the dummy multifractal parameter spectrums approached to reasonable intervals. The reasonable range of the dummy generalized multifractal dimension is from 1 to 3. From 1964 to 2000, the D-∞ value became closer to 3, while the D∞ value ascended from about 0.99 to about 1.26 (Table 3) . Urban evolution is a process of spatial optimization by self-organization, but the precondition of self-organized optimization is rational policy of city development and management.
Discussion
This is a methodological study on generalization and application of multifractal description and analysis. The monofractal method is based on simple fractals, and can be only applied to fractal objectives. A fractal phenomenon is free of characteristic scales, and cannot be described with the traditional mathematical method based on the concept of characteristic scale. Fractal geometry is an effective approach to modeling scale-free phenomena such as urban form and growth. However, multifractal scaling is different from monofractal scaling. Multifractal theory provides a quantitative tool for describing a broad range of heterogeneous phenomena, and there is an analogy between multifractal scaling and thermodynamic entropy (Stanley and Meakin, 1988) . Formally, multifractal parameters can be generalized to characterize both fractal patterns and non-fractal objects. The generalized results are termed dummy multifractal parameters and spectrums. The theoretical base of generalizing multifractal measures lies in the following relation: the normalized entropy is equal to the normalized fractal dimension (Chen, 2017) . The key principle rests with the dual relation between Euclidean geometry and fractal geometry. For Euclidean geometry, the dimension is known and possesses no spatial information, and we need the conventional measures such as length, area, and volume; in contrast, for fractal geometry, the conventional measures are known and give little spatial information, and we should make use of the dimension. The complementary set of a fractal set is a Euclidean object. Both the fractal set and its complement can be expressed with hierarchical scaling, and both the Euclidean geometry and fractal geometry are involved with a power function.
For multifractal structure, we have
in which the zero order local dimension f(α(0)) =D0<2. For Euclidean structure, however, the parameter f(α(0)) =D0=2, thus equation (17) changes to 2 0 ()
which is suitable for exponential distribution (Chen and Feng, 2012) . The conventional multifractal models are based on equation (17), while the dummy multifractal models are based on equation (18).
The above empirical analysis lends support to the theoretical suggestion that the dummy multifractal parameters can be used to describe non-fractal distribution such as urban population density. The calculation process relies heavily on spatial Renyi entropy. In the canonical multifractal spectrums, capacity dimension is a fractal dimension (fractional dimension); while in the dummy multifractal spectrums, capacity dimension is a Euclidean dimension (integral dimension). The values of capacity dimension make a criterion, by which we can distinguish the conventional multifractal spectrum from dummy multifractal spectrums (Table 5) . Entropy, especially spatial Renyi entropy, is an important spatial measurement of urban and regional systems. Renyi entropy has been applied to measuring regional land use and urban sprawl (Fan et al, 2017; Padmanaban et al, 2017) , and the interesting results show that the entropy measurement effect is similar to the fractal dimension. Just based on the Renyi entropy, the general correlation dimension of multifractals is defined to describe the scaling phenomena (Feder, 1988) .
Multifractal geometry becomes a powerful tool for multi-scaling analysis of scale-free systems. It has been employed to characterize city-size distributions (Chen and Zhou, 2004; Haag, 1994) , urban form and growth (Ariza-Villaverde et al, 2013; Chen and Wang, 2013; Frankhauser, 1998; Murcio et al, 2015) , urban residential land price (Hu et al, 2012) , regional population distributions (Appleby, 1996; Liu and Liu, 1993; Sé mé curbe et al, 2016) , central place networks (Chen, 2014) , bus-transport network (Pavón-Domí nguez et al, 2017), and so on. In the previous works, the multifractal method has been generalized for two times. One is generalized to model Zipf's distribution of city sizes (Chen and Zhou, 2014) , and the other is to define urban-rural territory structure (Chen, 2016) . The generalized multifractal models have been built for the rank-size distribution of cities and urbanization process and patterns. In this paper, the multifractal modeling is generalized to describe spatial distribution with characteristic scales. Urban population density distribution follows Clark's law, which takes on negative exponential distribution (Feng, 2002; Clark, 1951) . Exponential distribution bears a characteristic length indicating the average radius of human activities (Takayasu, 1990 ). This kind of distribution cannot be depicted by the common fractal method, but maybe it bears hidden self-affine fractal pattern (Chen and Feng, 2012) . However, based on Renyi entropy, urban population density can be modeled with the spatial index sets based on above-developed dummy multifractal spectrums.
As a matter of fact, the dummy multifractal parameters can be estimated by means of the spatial datasets based on arbitrary zonal systems. The statistical average based on concentric circles on digital maps is not a requirement. The merits of changing the zonal data into the ring data are as follows. On the one hand, the negative influence of the size and shape differences of zones on spatial analysis can be lessened to some extent. A zonal system comprises small regions of varied sizes and shapes. Data smoothing can reduce the random disturbance of spatial irregularity. On the other, more importantly, it is easy to judge the property of urban population density distribution. If it bears no characteristic scales, we can use the conventional multifractal measurements, otherwise, we can use the dummy multifractal indexes. Though the multifractal method is advanced efficiently, the deficiencies of this study are inevitable. The main shortcomings are as below. First, only urban population density distribution is testified. In theory, the method can be applied to other spatial distributions without characteristic scales, but no more case studies are presented owing to the limit of space of a paper. Second, the calculation is based on the process from global parameters to local parameters, no more convenient approach is proposed. Third, the observational datasets of Hangzhou city are not new. Despite the fact that new or old data have no significant influence on methodological studies, it is better to find newer data for an empirical analysis. It is impossible to solve too many problems in one work. The pending questions remain to be answered in future studies.
Conclusions
As indicated above, spatial analysis of cities fall into two groups: one is the spatial modeling based on characteristic scales, and the other is the spatial description based on sets of scaling exponents. This paper is devoted to finding the links between the traditional scale-based spatial analysis on characteristic scales and future scaling-based spatial analysis of cities. From the theoretical models and empirical case, the main conclusions can be drawn as follows.
First, the multifractal measures can be generalized to describe the geographical distributions without characteristic scales. The conventional spatial modeling is based on characteristic scales such as typical distance, average values, standard deviations, and eigenvalues.
Fractal geometry is mainly applied to the scale-free distributions. Spatial Renyi entropy is an important concept which can be used to associate the characteristic distributions and scaling distributions. The conventional spatial entropy is measured by way of geographical zonal systems and depends on the scales of spatial measurement. Based on the relation between the normalized spatial Renyi entropy and normalized fractal dimension, a new parameter bearing an analogy with the generalized correlation dimension of multifractal theory can be defined and termed dummy correlation dimension. As a result, we can derive a set of parameters including dummy mass exponent, dummy singularity exponent and dummy local fractal dimension. The dummy multifractal parameters are not real fractal parameters. They are just multi-scale indexes of spatial structure bearing an analogy with multifractal parameters in fractal geometry.
Second, the dummy multifractal parameters can be estimated by using normalized spatial Renyi entropy. The global parameters of multifractals are defined on the base of Renyi entropy. In this paper, the dummy multifractal parameters rely much heavily on the spatial Renyi entropy. The dummy multifractal parameters can be calculated as long as the Renyi entropy is computed. The process of measurement, calculation, and analysis is as below: (1) By means of zonal systems, grids, or systems of concentric circles, we can convert a dataset of spatial distribution into a dataset of probability distribution. (2) Based on probability distribution, spatial Renyi entropy can be calculated. (3) Normalizing spatial Renyi entropy, we can work out a set of dummy multifractal parameters. (4) Finally, using the dummy multifractal parameter spectrums, we can make spatial analysis of city development. Though the generalized multifractal parameters are not real multifractal parameters, they are applicable to urban spatial analysis in practice.
Third, the sphere of application of the dummy multifractal parameters is much larger than that of the canonical multifractal parameters. In theory, any spatial distributions can be converted into probability distributions, and thus can be described with spatial Renyi entropy. The canonical multifractal geometry is only applicable to power-law distribution. Since the dummy multifractal parameters can be applied to exponential distribution, it can be applied to normal distribution, lognormal distribution, Poisson distribution, Weibull distribution, and so on. Differing from the normative multifractals with capacity dimension coming between the topological dimension and the Euclidean dimension of the embedding space, the dummy multifractal parameter spectrums bear an integral value of capacity dimension. Therefore, in light of the capacity dimension value, we can distinguish the canonical multifractal parameter spectrums from the dummy multifractal parameter spectrums.
